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Abstract. This main purpose of this article is the unification of the Galois 
theory of algebraic differential equations by Umemura and the Galois theory 
of algebraic difference equations by Morikawa-Umemura in a common frame- 
work using Artinian simple D-module algebras, where D is a bialgebra. We 
construct the Galois hull of an extension of Artinian simple D-module alge- 
bras and define its Galois group, which consists of infinitesimal coordinate 
transformations fulfilling certain partial differential equations and which we 
call Umemura functor. We eliminate the restriction to characteristic from 
the above mentioned theories and remove the limitation to field extensions 
in the theory of Morikawa-Umemura, allowing also direct products of fields, 
which is essential in the theory of difference equations. In order to compare 
our theory with the Picard-Vessiot theory of Artinian simple D-module alge- 
bras due to Amano and Masuoka, we first slightly generalize the definition and 
some results about them in order to encompass as well non-inversive difference 
rings. Finally, we give equivalent characterizations for smooth Picard-Vessiot 
extensions, describe their Galois hull and show that their Umemura functor 
becomes isomorphic to the formal scheme associated to the classical Galois 
group scheme after a finite etale base extension. 



Introduction 

The idea behind differential Galois theory, namely to study differential equations 
using group theoretical methods, dates back to Lie. Picard and Vessiot realized a 
Galois theory for linear differential equations, having affine group schemes as Galois 
groups. After an attempt by Drach and work by Vessiot, Umemura developed a 
Galois theory for non-linear algebraic differential equations (cf. [Ume96]). To an 
extension of differential fields L\K oi characteristic that is finitely generated as an 
extension of fields he associates a new extension £|/C, the Galois hull of L\K , and 
attaches a group functor to it, the so called the infinitesimal Galois group of L\K. 
The latter is a Lie-Ritt functor, i.e. a group functor of infinitesimal transformations 
fulfilling certain partial differential equations, which turns out to also be a formal 
group scheme. A theory with a similar aim was developed by Malgrange in the 
framework of differential geometry and applied by Casale (cf. [MalOl], [Cas07], 
[Cas08]). 

With a delay in time similar theories were realized for difference equations. Re- 
cently, Umemura sketched a difference analogue of his differential Galois theory in 
[Ume06] and developed it together with Morikawa (cf. [Mor09], [MU09]). To an 
extension of difference fields L\K^ i.e. fields equipped with an endomorphism, that 
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is finitely generated as extension of fields they also assign an infinitesimal Galois 
group, which is a Lie-Ritt functor as in the differential case. Analogues of the 
theory of Malgrange for non-linear (g-) difference equations have been developed by 
Casale and Granier (cf. [Cas06], [Gra09]). 

The purpose of this article is twofold. On the one hand, we unify the differential 
Galois theory of Umemura and the difference Galois theory of Morikawa-Umemura 
by using Artinian simple commutative D-module algebras, where D is a bialge- 
bra. Differential fields and difference fields are special instances of Artinian simple 
commutative £>-module algebras for certain choices of D. At the other hand, we 
generalize the theories of Morikawa and Umemura. We note first that most of 
the above mentioned theories have been restricted to characteristic 0. Hasse and 
Schmidt introduced higher and iterative derivations as a replacement for deriva- 
tions in positive characteristic (cf. [HS37]) and, using them, differential Galois 
theories have been developed by Matzat, Okugawa and van dcr Put (cf. [Oku87], 
[MvdPOS]). We first remove the restriction to characteristic from the theories 
of Umemura and Morikawa-Umemura using iterative derivations instead of deriva- 
tions. So our theory could be the starting point to tackle the problem raised by 
Morikawa and Umemura in [MU09] whether the results they obtain there have ana- 
logues in positive characteristic. Second, we eliminate the restriction to fields from 
the difference Galois theory of Morikawa-Umemura by also allowing direct prod- 
ucts of fields equipped with an injective endomorphism (they are Artinian simple 
commutative f-module algebras for a particular choice of the bialgcbra D). This 
approach is more natural, since the total Picard-Vessiot rings of difference equa- 
tions are in general not difference fields, but only direct products of fields equipped 
with an endomorphism. Amano and Masuoka unified the Picard-Vessiot theories 
for differential and difference extensions by using Artinian simple commutative D- 
module algebras as well (cf. [AM05]). Though they restrict themselves to Hopf 
algebras D and therefore non-inversive difference extensions are not within their 
scope. Here we do not limit ourselves to Hopf algebras and use a broader class of 
bialgebras such that our theory encompasses as well non-inversive difference rings. 
In order to compare our general Galois group with the classical Galois group scheme 
of Picard-Vessiot extensions, wc first define Picard-Vessiot extensions of Artinian 
simple commutative £>-module algebras in a slightly more general context than 
Amano and Masuoka, i.e. without the assumption that D is a Hopf algebra, and 
show some of their basic properties. Finally, we prove that in the case of smooth 
Picard-Vessiot extensions of Artinian simple commutative D-module algebras our 
general Galois group is closely related to the usual Galois group scheme. 

More precisely this article is organized as follows: In the first section we recall 
the definition of D-module algebras and some of their properties, where £> is a 
bialgebra over a field C. We obtain some results about the extension of £>-module 
algebra structures to tensor products and limits, which we need later. Wc close 
the section with the definition and equivalent characterizations of Artinian sim- 
ple £>-module algebras, generalizing results of Amano and Masuoka. The second 
section is the heart of the article. We explain in detail the above-mentioned uni- 
fication and generalization of the differential Galois theory of Umemura and the 
difference Galois theory of Morikawa and Umemura. Let G be a monoid and 
an irreducible pointed cocommutativc Hopf algebra of Birkhoff-Witt type that is a 
CG-module algebra; we define D to be the smash product D^^CG. If L\K is an 
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extension of Artinian simple commutative i'-module algebras fulfilling a separabil- 
ity and finiteness condition, then we construct its Galois hull £|/C and associate 
to it a group functor \]me{L\K) on the category of commutative L-algebras that 
we call the Umemura functor in honor of its inventor in the case of extensions of 
differential fields. We show that the latter is a Lic-Ritt functor and so in particular 
a formal group scheme (cf. theorem 2.13). These constructions unify and generalize 
those of Umemura and Morikawa and, using the language of i?-module algebras, 
arguments become more transparent. In section 3 we define Picaxd-Vessiot exten- 
sions of Artinian simple commutative D-module algebras and prove some of their 
properties, generalizing results of Amano and Masuoka, cf. [AM05], where they 
are proven in the case where D is a Hopf algebra satisfying some additional con- 
ditions. We close this section with a list of several equivalent characterizations 
of the property that the principal D-module algebra i? of a Picard-Vessiot exten- 
sion of Artinian simple commutative D-module algebras L\K is smooth over K 
(cf. proposition 3.8). In the last section we investigate this type of Picard-Vessiot 
extensions by describing their Galois hull and by comparing the Umemura functor 
of such an extension with its Galois group scheme. Their Galois hull is of a par- 
ticularly simple form (cf. lemma 4.1) and we show that the Umemura functor of 
this kind of extension becomes isomorphic to the formal group scheme associated 
to its Galois group scheme after a base extension to a finite etale extension of L (cf. 
theorem 4.3). This demonstrates that the Umemura functor in a way generalizes 
the Galois group scheme of Amano and Masuoka, though at the cost of generality 
some information is lost (we do not recover the Galois group scheme itself, but only 
a base extension of the formal group scheme associated to it). The construction of 
the Galois hull £|/C, the Umemura functor Umc(L|/'ir) and the comparison with the 
classical Galois group scheme Gal{L\K) arc illustrated in two examples of simple 
Picard-Vessiot extensions of iterative differential fields. 

This article develops further results of the authors thesis, where only extensions 
of D-module fields were considered (cf. [HeilO]). 

Notation: We assume all rings and algebras to be unital and associative, but not 

necessarily to be commutative. Homomorphisms of algebras are assumed to respect 
the units. We further assume that all coalgebras are counital and coassociative, but 
not necessarily to be cocommutative. Homomorphisms of coalgebras are assumed to 
respect the counits. An algebra {A, m, r/) will be abbreviated by A and m,ultiplication 
and unit will then be denoted by ruA and rjA, respectively. Similarly a coalgebra 
{D, A, e) will be abbreviated by D and comultiplication and counit will then be de- 
noted by A^) and Sd, respectively. If D is a coalgebra and d G D, then we use the 
Y,-notation Aoid) = '^(i) <^ d(^2) (cf [Swe69, Section 1.2] or [Mon93, 1.4.2]^. 

If R is a commutative ring, then we denote by Q{R) the total ring of fractions 
of R, by n{R) the set of minimal prime ideals of R, by N{R) the nilradical of 
R and by ttr: R — >■ R/N{R) the canonical projection. We denote the category of 
commutative algebras over R by CAIgjj and the category of left R-modules by rA4; 
furthermore Grp denotes the category of groups. 

If C is a category and A and B are objects in C, then we denote the class of 
morphisms from A to B in C by C{A, B). We denote the opposite category of C by 

c°p. 

The category of sets is denoted by Set. // A and B are sets and a & A, then 
we denote by eva- Set{A,B) — >■ B the evaluation map, i.e. evo(/) = /(a) for all 
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/ e Set(A-B). IfA'CA IS a subset, then rcs^, : Set(A,S) Set{A',B) denotes 
the restriction map. We denote by Mn{A) the set of nx n-matrices luith coeffi,cie7its 
in A and for elements a, 6 € A we denote by 5a,b the Kronecker delta, i. e. 5a,a = 1 
and 6a,b = if a ^ b. 

If f : A ^ B is a homomorphism of rings and w — {wi, . . . , Wn) are algebraically 
independent elements over B, then ffw}: Afw} Bfivj denotes the homomor- 
phism defined by /M(EfceN" akw'') = EfceW" f{ak)w^- 



1. Module algebras 



Notation: Let C be a commutative ring. 



1.1. Definitions and basic properties. We recall that for C-modules A,B and 
D there is an isomorphism of C-modules 

(1.1) cM{D®c A,B) ^ cM{A,cM{D,B)), ^ ^ {a^ {d^^{d®a))). 

Lemma 1.1. If {D, /S.jj,eD) is a C-coalgebra and {B,mB,T]B) is a C-algebra, 
then the C -module c-M{D,B) becomes a C-algebra with respect to the convolution 
product, defined by 

f ■ g ■■= niB o {f ^ g) o Ad 
for f,g G c-M{D,B), and unit element given by the composition 

D^C^B. 

Furthermore, D is cocommutative if and only if cM.{D, B) is commutative for every 
commutative C-algebra B. 

Proof See for example [BW03, 1.3] □ 

Proposition 1.2. Let D be a C-coalgebra and let A and B be C-algebras. If \E' 
is an element of c-M{D ®c ^, B) and p e c-M.{A, cM{D, B)) is the image of ^ 
under the isomorphism (1.1), then the following are equivalent: 

(1) p is a homom,orphism, of C-algebras, 

(2) for all d^ D and all a, 6 e A 

(a) (g) ab) = Y.(d) ^('^(i) ® a)^{d{2) ® b) if Aoid) = ^(d) ^(1) (S d(2) 
and 

(b) ^{d®lA)=eD{d)lB, 
hold and 

(3) the diagrams 

D ®c A®c A > D^^c A > B 

D^cD^c -^®c > D(^c A^c D(^c A — > B 
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and 

D^cC > C®c B 

£> (8)c A > B 

commute. 



Proof. The equivalence between (1) and (2) can be proven as in [Swe69, Proposition 
7.0.1] and the one between (2) and (3) is clear. □ 

Definition 1.3. Let D be a C-coalgebra and A and B be C-algebras. If € 
cA4{D (8)(7 A, B), then we say that ^ measures A to B if the equivalent conditions 
in proposition 1.2 are satisfied. 

If Ai, A2, Bi and B2 are C-algebras, \E'i : D (g)c Ai — > Bi measures Ai to Bi 
and ^2- D <Sic A2 B2 measures A2 to B2, then we say that homomorphisms 
(fiA- Ai ^ A2 and <^b : -Bi — >■ B2 of C-algebras are compatible with the measurings 
if the diagram 



D®c Ai 



ido < 



D^cA2 



-^-82 



commutes. 



The following lemmata are clear from the definition. 

Lemma 1.4. Let D be a C-bialgebra and A be a C-algebra. If'^ G c^{D^cA,A) 
and p: A ^ cM{D,A) is the hom,om,orphism associated to ^ via (1.1), then ^ 
makes A into a D-module if and only if the diagrams 



-^cM{D,A) 

cM{D,p) 

^M{D, A) cM{D ®c D, A) ^ cM{D, cM{D, A)) 



and 



^cMiD,A) 




commute. 

Lemma 1.5. Let D be a C-coalgebra and Ai, A2, Bi and B2 be C-algebras. If 
\E'i G cM{D iSic Ai, Bi) measures Ai to Bi and '^2 S cM{D A2, B2) measures 
A2 to B2 and pi and p2 are the associated homomorphisms of C-algebras, then 
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homomorphisms of C- algebras tpA- Ai A2 and ips- Bi B2 are compatible 
with the measurings if and only if the diagram 

Ai^^cM{D,Bi) 



cM{D,ipB) 



A2^^cM{D,B2) 



commutes. 



Definition 1.6. Let A be a C -algebra, D be a C-bialgebra and let ^ G gM.{D 

A, A) m,easure A to A. We say that is a _D-niodule algebra structure on A if 
the equivalent conditions in lemma I.4 are fulfilled. The pair {A, is then called 
£>-niodule algebra. 

A commutative _D-module algebra is a D-module algebra {A, ^) such that the 
C -algebra A is commutative. 

A homomorphism of D-module algebras from {Ai to {A2,'^2) is a homomor- 
phism of C-algebras ip: Ai ^ A2 that fulfills the equivalent conditions of lemma 1.5 
(with Bi = Ai and B2 = A2). 

Notation: If'^: D®cA B is a homomorphism ofC-modules, then we denote by 
p: A^ cA4{D,B) the homomorphism corresponding to \E' under the isomorphism 
(1.1) and vice versa. If d G D and a £ A, then we denote ^{d<^a) also by d.a if 
there is no danger of confusion. 

Definition 1.7. For a C-coalgebra D, a C-module V and ^ G cM.{D <S:cV,V) we 
define the constants of V with respect to as 

V"^ ■.= {v€V \ (^v)^ SD{d)v for all d € D}. 

If p € cA1(y, cM{D, V)) is the element corresponding to \E' under the isomorphism 
(1.1), then we denote also by V . Sometimes we will also denote it by V^. 

Example 1.8. Let A be a commutative C-algebra. 

(1) If Dj^er '■= C[Ga\ is the Hopf algebra on the coordinate ring of the additive 
group scheme over C , then D^i^r-module algebra structures on A are in 
1-1 correspondence with C -derivations on A. 

(2) If Daut '■= C[Gm] is the Hopf algebra on the coordinate ring of the multi- 
plicative group scheme Gm over C , then Daut-^odule algebra structures on 
A are in 1-1 correspondence with automorphisms of the C-algebra A. 

(3) If D end '■= C[t] is the polynomial algebra over C with coalgebra structure 
defined by A(f") = (g) and e{t^) = 1 for all n G N, then Dgnd-module 
algebra structures on A are in 1-1 correspondence with endomorphisms of 
the C-algebra, A. 

(4) For a monoid C we define a C-bialgebra CG by taking the monoid alge- 
bra CG as the underlying algebra with the coalgebra structure defined by 
^(.9) = 9 ® 9 s{g) = 1 for all g G G. Operations of the monoid 
G as endomorphisms on the C-algebra A are in 1-1 correspondence with 
CG-module algebra structure on A. 

If G = (N, +) is the monoid of natural numbers, then the bialgebra CN is 
isomorphic to -Dend- In the case where C = (Z, +) is the group of integers, 
the bialgebra CZ is isomorphic to Daut- 



GALOIS THEORY OF ARTINIAN SIMPLE MODULE ALGEBRAS 



7 



(5) Let Did he the free C -module with basis consisting of 6'^'^^ for all k £ N 
with C-algebra structure defined by 

for all i, j e N and C-coalgebra structure defined by 

A(6i«):= 6'(^i) (g)6l(*2) and £(6'«) = 5^,0 

ii+i2=i 

for all i G N. Then Did becomes a Hopf algebra with antipode defined 
by S{9^^^) = (— and Djo-module algebra structures on A are in 1- 
1 correspondence with iterative derivations on A over C (cf. [HS37] or 
[Mat89, §27]J. We note that the bialgehras Dder and Did are isomorphic 
j/Q Q C. Therefore derivations and iterative derivations are equivalent on 
Q-algebras. 

We note that there are differences in the definition of higher derivations. 
In [Mat89], [Hei07] and [HcilO] a condition on 9^^^ is posed, which is not 
present in [Swe69]. Using the definition of Sweedler, higher derivation from 
A to another commutative C-algebra B are in 1-1 correspondence with Djd- 
measurings from, A to B. When B is a commutative A-algebra via A — > 
B, then higher derivations ( of length oo) in the sense of Matsumura ( cf. 
[Mat89, §27] J are in 1-1 correspondence with DjD-measurings from A to B 
such that the associated homomorphism of C- algebras p: A ^ cM{D,B) 
fulfills evio op = g- 

( 6) Ifm e N and Dhd^^^ is the free C -module with basis consisting of 6^^^ , . . . , 6^"^^ 
and C-coalgebra structure defined by 

A(6lW):= J2 and e{e^^) = 5ifl 

il+i2=i 

for all i e {0, ...,to}, then Dhd^ ^-measurings from A to another com- 
mutative C-algebra B are in 1-1 correspondence with higher derivations of 
length m from, A to B over C in the sense of Sweedler (cf. [Swc69]j. When 
B is a commutative A-algebra via A B, then higher derivations of length 
m in the sense of Matsumura (cf. [Mat89, §27] j are in 1-1 correspondence 
with Dhd^ j -measurings from A to B such that the associated homomor- 
phism of C -algebras p: A ^ cM{D, B) fulfills evi^ op = g. We note that 
Did is isomorphic to ,^Dhd as C-coalgebra. 

(7) For every C-bialgebra D, there is a D-module algebra structure 

-^0- D 'S)c A ^ A 
on A defined as the composition 

D(S:cA > C Oc ^ > A. 

We call ^0 the trivial D-module algebra structure on A. 

Example 1.9. Let A be a com,mutative C-algebra. For the C-bialgebras D in 

example 1.8 the C-algebras cM.{D, A) and the homomorphisms p: A ^ c-^{D, A) 
associated to D-module algebra structures ^' € cM.{D ®c A, A) on A are well 
known: 
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(1) //Q C A, then cM{Dder, A) is isomorphic to the formal power series ring 
Afwj. If d is a C -derivation on A, ^ the corresponding Dder-module alge- 
bra structure on A and p is the homomorphism of C -algebras corresponding 
to 5* via (1.1), then the composition A A cM.{Dder^ A) — A\w\ is given by 

a X^feeN ^ fci"^ w'' . This homomorphism appears in [Ume96] and is called 
universal Taylor homomorphism there. 

In contrast, cJ^{Dderi A) is not reduced in positive characteristic. It is 
isomorphic to the ring of so called Hurwirtz series as defined by Keigher 
(cf [Kei97];. 

(2) The C-algebra cM.{Daut,A) is isomorphic to , the ring of maps from 
the integers to A with pointwise addition and multiplication. If a is an au- 
tomorphism of the C-algebra A, 5" the corresponding Daut -"module algebra 
structure and p the associaied homomorphism via (1-1); then the composi- 
tion A A c-M{DauL, A) -i' A^ is given by a^ {k^ '^^{o)). 

(3) The C-algebra cM.{DendT A) is isomorphic to , the ring of maps from 
the natural numbers to A with pointwise addition and multiplication. If a 
is an endomorphism of the C-algebra A, ^ the corresponding Dend-module 
algebra structure and p the associated homomorphism via (1.1), then the 
composition A A cM{DendT A) — > is given by a ^ (k ^ o"*^(a)). This 
homom,orphism, appears in [Mor09] and is called universal Eiilcr homomor- 
phism there. 

(4) The C-algebra c-M{CG, A) is isom,orphic to A'^' , the ring of m,aps from, G 
to A with pointwise addition and multiplication. If ^: CG ®c A ^ A is 
the CG-module algebra structure on A corresponding to an operation of G 
on A and p: A ^ cM(CG, A) the corresponding homomorphism, then the 
composition A c-M{CG, A) — > A"^ is given &j/ a i— > (g i— > g.a). 

(5) The C-algebra cM{Did, A) is isomorphic to Afw]] and if (^^'•'^■')fceN is an 
iterative derivation on A over C, 5* the induced Djd -module algebra struc- 
ture and p the associated homomorphism of C-algebras, then the composi- 
tion A A cM{DiD,A) A Alw} is given by Y^ken^^^^")'^^ ■ '^^^^ 
identify an iterative derivation with this homomorphism as in [Hei07]. 

(6) If B is a commutative A-algebra via A B, the C-algebra c-^{Dhd^ ^ , B) 

is isomorphic to BfwJ/ (ui'"^^) and if iO^''^)k=o,...,m is a higher derivation of 
length m from A to B over C, ^ is the induced Dhd^^^ -measuring and p the 

associated hom,omorphism, then the composition p: A ^ cM. {Dhd^ ^ > A 

SH/(w™+i) is given by a ^ YJk^o e^^^\a)w^ + (w™+i). 

(7) The homomorphism p^: A ^ cM.{D, A) associated to the trivial D -module 
algebra structure is given by po{a){d) = en{d)a for alia G A and d G D. 

If Di and D2 are C-bialgebras, then Di -D2 becomes a C-bialgebra in a 
natural way. A pair of commuting Di- and D2-module algebra structures on A 
gives rise to a Di ®c -D2-niodule algebra structure on A and vice versa. 

For every n € N the tensor product Djd" '■= Djd'^'^ is a cocommutative Hopf 
algebra and D/un -module algebra structures correspond to systems of n commuting 
iterative derivations, which we call n-variate iterative derivations (cf. [Hei07] or 
[MaulO]). Furthermore, i'/ijn -measures from R to itself such that iDj^n-a = a 
for all a e correspond 1-1 to n-variate higher derivations on R in the sense 
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of [Hei07]. Similarly, we define for n £ N and m = (mi, . . . ,m„) G N" the C- 
coalgebra Z)i/£)n ■= Dhd ®c---®cDhd and note that DjDn is isomorphic 

(m) (mi) (m„) 

to lir^^^j^^ Dhd^^^ as C-coalgebra. 

Notation: For C-hialgehras Di and D2 and C -algebras A we often make implicitly 

use of the isomorphism of C -algebras 

(1.2) cM{D2,cM{Di,A))^cM{Di®cD2,A)=cM{Di,cM{D2,A)). 

Lemma 1.10. Let D be a C-bialgebra and A a be C-algebra. 

(1) The C-algebra c-M{D,A) becomes a D-module algebra by the homomor- 
phism of C -modules 

%nt ■■ D ®c cM{D, A) cM{D, A) 

that sends d® f & D ®c c-M.{D, A) to the homomorphism of C-modules 

^int{d'S) f): D ^ A, d\-^f{dd) for all d G D. 

For any homomorphism of C- algebras ip: A ^ B the induced homomor- 
phism of C- algebras 

cM{D, if) : cM{D, A) ^ cM{D, B) 

is a homomorphism of D-module algebras with respect to the D-module 
algebra structures on c-M.{D,A) and c-M{D,B) given by ^mt- Thus, 
cM{D,—) is a functor from the category of C- algebras to the category 
of D-module algebras. 

(2) The constants cM{D, A)**"* are equal to po{A), where po - A ^ cM{D, A) 
is the homomorphism associated to the trivial D-module algebra structure 
*o on A (cf. example 1.9 (7)). 

(3) If D' is another C-bialgebra and ^' is a D' -module algebra structure on 
A with associated homomorphism p' , then ^' induces a D' -module algebra 
structure on cM{D, A) with associated homomorphism given by 

(1.3) cM{D, p') : cM{D, A) ^ cMiD, cM{D', A)) ^ cM{D', cM{D, A)). 

This D' -module algebra structure commutes with the D-module algebra struc- 
ture ^int on c.M{D,A) and thus cM{D,A) becomes a D D' -module 
algebra. 

Proof. We note that the homomorphism of C-modulcs 

cM{D,A) ^ cM{D,cM{D,A)), 

associated to ^',„t via the isomorphism (1.1), corresponds to 

cMimo, A) : cM{D, A) cM{D ®c D, A) 

under the isomorphism of C-algebras (1.2). Since is a homomorphism of C- 
coalgcbras, c-^imo, A) and therefore also pint are homomorphisms of C-algebras. 
The diagram 

cM{D, A) cM{D, cM{D, A)) 



cM{D,A) 
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obviously commutes. Using again the isomorphism (1.2), the commutativity of the 
diagram 

cM{D, A) '-^ > cM{D, cM{D, A)) 

CM{D, cM{D, A)) oM{mn,oM{D,A))^ ^^^^ ^ cM{D, A)) 

fohows from the associativity of D. Therefore, '^mt is in fact a i'-module algebra 
structure on c-M{D,A). For a homomorphism of C-algebras ip: A ^ B, the big 
rectangle and the square on the right in the diagram 



cM{D,A)-^^cM{D,cM{D,A))^^cM{D®cD,A) 



cM{D,ip) 



cM{D,cM{D,<p)) 

M{D,l 
cM{mD,B) 



cM{D,B) ^'"^ ) cM{D,cM{D,B)) ^ ) cM{D®cD,B) 



commute and thus the rectangle on the left commutes too, i.e. cM{D, (p) is a homo- 
morphism of D-module algebras with respect to the D-module algebra structures 
given by on cM{D, A) and cM{D, B). 

To prove part (2), let / € cM{D^A). Then / is constant with respect to '^int 
if and only if f{d) = (*i„t(rf ® /))(!) = SD{d)f{l) for aU d€ D, i.e. if and only if 
/ = Po(/(l)). 

It is clear that c-M{D, p') induces a _D'-module algebra structure on cM.{D, A)^ 
which we denote again by Then we have for all / G cM{D,A),d,d € D and 
d' G D' 

^'{d' ® %r,t{d O = ^'{d <S) J{dd)) = -^inM ® ® f){d)). 

□ 

Lemma 1.11. Given a C-bialgebra D, a D-module algebra structure ^ G cM{D(^c 
A, A) on A, the associated homomorphism p: A ^ cM.{D, A) is a homomor- 
phism of D-module algebras from to {cM.{D,A),'^int)- The homomor- 
phism p is universal among all homomorphisms of D-module algebras A: {A, 5*) — >• 
{c-M{D, B),^int), where B is a C-algebra, in the sense that for every such A 
there exists a unique homomorphism of C-algebras X: A B such that A = 
cMiD,X)op. 

Proof. Since cM-{D, p) o p = cM^{i^d, A) ° P a-nd since the homomorphism of C- 
algebras p-mt associated to ^int corresponds to cA4 {mo , A) under the isomorphism 
of C-algcbras (1.2), we see that p is in fact a _D-module algebra homomorphism 
from {A,'^) to {cM{D, A),'^int)- To show the universality of p, let A: (A,*) ^■ 
{cM.{D,B),'^int) be a homomorphism of D-module algebras. We define A := 
evij^oA and obtain cM{D, \)op = cM{D,evi^)ocM{D,A)op = cM{D, evijj)o 
Pint o A = A. □ 

For D = Dder and D = D^nd one recoveres as corollaries [Ume96, Proposi- 
tion 1.4] and [Mor09, Propositions 2.5 and 2.7]. 
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1.2. Extensions of module algebra structures. 
Proposition 1.12. Let D be a cocommutative C-bialgebra, 

be a diagram in the category of commutative D-module algebras and pu, ps and 
pT the homomorphisms associated to '^r, '^s md '^t, respectively. Then S ^r T 
carries a unique D-module algebra structure ^' such that {S (^r T, becomes the 
coproduct of {S, "^s) (ind {T, ^!t) over (R, '^r) in the category of commutative D- 
module algebras. This D-module algebra structure on S <S>r T is given as 

(1.4) ^: DiSicSiSirT ^ SiSirT, dOs®* ^'J'5(d(i) Os) (8)*T(rf(2) <8>t) 

id) 

and corresponds to ps ® pr under the isomorphism (1.1) when we identify 
cM{D, S) ®,:MiDM) cM{D, T) with cM{D, S®rT). 

Proof. Since D is cocommutative and R, S and T are commutative C-algebras, 
the C-algebras c-M.{D,R), c-M{D,S) and c-M{D,T) are commutative. By the 
universal property of the coproduct S (^^r T in the category of commutative C- 
algebras, there exists a unique homomorphism p: S (Sir T c-M.{D,S ®r T) of 
C-algebras that makes the diagram 




-^cM{D,S) 



S^rT^cM{D,S^r T) 



Pt 



^cM{D,T) 

commutative. This homomorphism gives rise to a i^-module algebra structure on 
S ®R T, since the diagrams 



and 



S(^rT cM{D, S ®R T) 




S®nT- 



^cM{D,S^R T) 



cMiD.p) 

cM{D, S ^R T) "•^^"'"■"^"^i cM{D, cM{D, S ^r T)) 

commute (which also follows from the universal property of S <Sir T). Using the 
universal property of S®rT again, we see that {S®rT, is in fact the coproduct 
of {S, "is) and (T, ^t) over {R, "Iir) in the category of commutative £>-module 
algebras. 

Since S — S®rT, s ^ s®1 and T S®rT, t ^ l®t are homomorphisms of IP- 
module algebras, we have *(d(8)S(8)l) = ^ s{d'S)s)iS)l and *(d0l(8)t) = l(8)*T((^®i) 
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for all s ^ S,t e T and d ^ D. Since \1/ measures S (^r T to itself, it follows 
s (g) i) = *s(rf(i) (g) s) (8) *T(rf(2) O t). □ 

Proposition 1.13. (1) Let I and J be two small categories, 

R: ^ CAIgc and S: ^ CAIg^ 

be two functors. We write Rj and Si instead of R{j) and S(i) for j € J 
and i € I, respectively. Let T he a small category and D be a functor from 
r to the category of cocommutative C-coalgebras and let D be the colimit of 
b, i.e. D = lir^^^^£)(7;. We denote b{^) by D.y. Let 

a: (7xr)°^'^ J°f 

be a functor and suppose that for every i G I and every 7 € F the C- 
coalgebra measures Ra{i,'y) to Si and denote the associated homomor- 
phism of C-algebras by 

Pi,j' Ra{i,j) cM{D^,Si). 

We suppose that these measurings are compatible in the sense that for every 
morphism ii — >■ 12 in L and 71 — >■ 72 inV the diagram 

-Ra(i2,72) -^^^ cM{D^^,Si^) 



commutes. ^ Then there exists a unique D-measure from, R := ^m^.^ Rj 

to S := ^m.^^„^ Si with associated homomorphism p: R ^ cM.{D, S) such 
that 

R >cM{D,S) 



Ra{i,-y) ^''^ > cM{D^, Si) 

commutes for all i € I and 7 G F, where nj: R Rj and TTj : 5 — >■ Si 
denote the projections. 
(2) We assume in addition that there are compatible homomorphisms rjo^ : C 

suchthatlo., ■= riD.,{lc) fulfills A^^ {I d^) = 1d^®1_d-, ande£,^(l£,^) = 
Ic for all ^ . Furthermore, we assume that there is a natural transfor- 
mation from the functor Ro a to S (both are considered as functors from 
{I X r)°^ to CA\g(j, where S does not depend on the second factor) , giving 
rise to homomorphisms of C-algebras 

(1.5) Ra{i,j) Si 

for all i G L and 7 e F and thus to a homomorphism 

(1.6) R^S. 



^This amounts to giving a natural transformation from the functor R o a: {I X r)° 
CA\gc, {i, 7) i-> -Ra(i,7) to the functor (7 x vy^ CAIg<^, (i, 7) i-> cM{D.y, Si). 
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If the diagram 




commutes for all i £ I and 7 G T, then p makes the diagram 



R- >cM{D,S) 




commutative. 

(3) We assume furthermore that D is a (cocommutative) C -hialgehra, that I = 
J, that R = S and that there is a functor jj,: T x T — )■ F, (7,7) 1-^ /i^-^ 
and a natural transformation from [D <^c -D): F x F — >■ CAIg,^, (7,7) 

-D(7)®c-D(7) toDoji inducing homomorphisms my_j: D^i®cD=.i — > -D/j,,^ 
that are compatible with the multiplication mo in the sense that the diagram 

(1.7) D®cD ) D 



(1.8) 



commutes for all j,j € F. // the diagram 



R. 



R. 



cM{D.^,Ri) 



■a(a(i,7)),7) 



cM{D^,Ra(i,j)) 



(1.9) 



where the vertical homomorphism with source the top left corner is an in- 
stance of (1.5), commutes for all 7, 7 e F and i G I, then the D-measure 
from R to itself above is a D-m,od,ule algebra structure. 

Furthermore, {R, p) has the following universal mapping property: Given 
a D-module algebra (T, px) and compatible homomorphisms {ipii T ^ Ri)iei 
such that 

resg^ ocM{D, cpi) o pr = Pi,^ o ipa{i,j) 

for all i G I and 7 G F, there exists a unique homomorphism of D-module 
algebras $ : T ^ ^ such that ttj o $ = for all i £ I. 
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Proof. The universal mapping property of tlic limit ^j^^^ 7)6(/xr)°f cM.{D^, Si) pro- 
vides a unique homomorphism of C- algebras 



(1.10) 



(j,7)e(/xr)°p 



such that the diagram 



a(«2,72) 



R 



R. 



■a(»l>7l) 



commutes for all ii — 12 in / and all 71 — >■ 72 in F. Since the functor c-M{D, — ) 
preserves limits of C-modules and since the functors c-M{—,Si) turn colimits into 
limits (cf. [Mac71, V.4]), we have an isomorphism 

(1.11) Urn cM{D^, Si) - cM{\im D^, ^ Si) = cM{D, S), 

(i,7)e(/xr)°f 7er iei^f 

which is a homomorphism of C-algebras. By composing (1.10) and (1.11), we obtain 
a homomorphism of C-algebras 



p: R^cM{D,S). 
For the proof of part (2) we note that the outer triangle in the diagram 

Ra{ir/) — > cM{Dj, Si) 




where the unlabeled arrows are (1.5) and (1.6), commutes by assumption for all 
i I and 7 G F. Therefore, the inner triangle also commutes by the universal 
mapping property of the limit S = Si. 
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By the assumption in part (3) the outer rectangle in the diagram 



R. 



'a(a(i,7)),7) 



R- 



-^M{D,R) 



R. 



M(D,p) 



cM{mo,R) 

M{D, R) > M{D D, R) 



"7,7 



M{D^®D^,Ri) 



M{D^^.,Ri) 

commutes for all i £ I and 7,7 S F, where all tensor products are over C and 
where we abbreviate by Ai. The trapezoids commute, since the projections 
TTj : R ^ Ri are compatible with the £)-measurings and since (1.7) commutes. Thus, 
by the universal mapping property of 

cM{D^cD,R)^ ^ cM{D^^cD^,Ri), 
(»,7,7)e(J'xrxr)'"' 

the inner rectangle also commutes and wc sec that J? is a D-modulc algebra. 

licpi'. T Ri are compatible homomorphisms such that (1.9) holds, then, by the 
universal property of i? = ^jgjop Ri the category of commutative C-algebras, 
there exists a homomorphism of C-algebras T ^ R such that ttj o $ = and 
so the triangles at the left and right in the diagram 




Pt 



res^ °cM(D,tpi) 



¥cM{D^,R.. 



^cM{D,T) 




arMiD.Tii) 



cM{D,<^) 



> cM{D, R) 

commute for all i G I. The two trapezoids at the top and bottom commute by 
assumption and by the previously shown, respectively. By the universal property 
of cM{D, R) ^ l^(._^)g(j-^p)op cM{D^, Ri) we obtain cM{D, $) o = p o i.e. 
$ is a homomorphism of Z)-module algebras. □ 

Corollary 1.14. Let D be a cocommutative C-bialgebra. Then small inverse sys- 
tems of D -module algebras have inverse limits. 

Proof. This follows from proposition 1.13 by taking I = J, R = S, the category 
r to consists of exactly one object 7 and one morphism id^ and = D and by 
defining a: I°p x T°p PP by a{i, 7) = i for all i G 7. □ 
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Corollary 1.15. Let R be a, linear topological ring with fundamental system of 
neighborhoods B of 0. Let V be a small category and D be a functor from T to 
the category of cocommutative C-coalgebras and let D be the colimit of D, i.e. 
D = lirr^,^^i?(7/ We denote b{'~i) by D^. Let ^ e cM{D (g>c R, R) measure R to 
R and assume that the associated homomorphism of C-algebras p: R^ c-M{D,R) 
is continuous with respect to the given topology on R and the linear topology on 
cM.{D, R) with fundamental system of neighborhoods of given by the ideals 

{cM{D,I),Kct{cM{D,R) ^ cM{D^,R))) 

for all I ^ B and 7 G F. Then \1/ uniquely extends to a D-measure \E' G c-M{D (^c 
R, R) from R := ^^^gg R/I to itself and the associated homomorphism of C- 
algebras p: R ^ c-M{D,R) is continuous with respect to the induced topology on 
R and the linear topology on c-M{D,R) with fundamental system of neighborhoods 

0/0 given by the ideals 

icM{Dj),KcricM{D,R) ^ cM{D^,R))) 
for all I ^ B and 7 G F, where B is a fundamental system of neighborhoods of 

oeR. 

If for every 7 G F there is a homomorphism rjjj,^ as in proposition 1.13 (2) such 
that Id^ := r?£)^(lc) fulfills ^'(Id^ ®a) = a for all a G R, then "^{lo'^a) = a holds 
for all a G R. 

We furthermore assume the existence of a functor /i : F x F — >■ F and homo- 
morphisms ruj^^j^ : Dj^ (Sic Dj^ — >■ -D^,^_^^ for all 71,72 gT as in proposition 1.13 
(3) and that D is a (cocommutative) C-bialgebra. If'^G c-M{D ®c R,Ll) is a D- 
module algebra structure on R, then its extension ^ is a D-module algebra structure 
on R. 

Proof. For all / G B and 7 G F there exists an ideal a(I,j) in B sueh that 
p(a(/,7)) C {cMiD,I),KcT{cMiD,R) cM{D^^,R))) and we obtain homo- 
morphisms of C-algebras pi,-y'- R/a{I,j) — >■ cM{Dy,R/ 1), which are compatible 
in the sense that for all I2 ^I\m. B and all 71 — >■ 72 in F the diagram 

R/a{h,l2) cM{D^,,R/h) 

R/a{h, -yi) cM{D^„R/h) 

commutes. Then the three claims follow from the corresponding parts of proposi- 
tion 1.13. □ 

In the special case of higher and iterative derivations on adic linear topological 

rings we obtain: 

Corollary 1.16. Let R be a linear topological ring with respect to the I-adic topol- 
ogy on R, where I is an ideal in R, and 6: R ^ Rft} be an n-variate higher 
derivation on R that is continuous with respect to the I-ad,ic topology on R and 
the {I,t)-adic topology on -R[t]. Then the n-variate higher derivation 9 extends 
uniquely to an n-variate higher derivation 9: R^ Rftl on the completion R, which 
is again continuous. If 9 is iterative, then 9 is iterative too. 
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Proof. We define B ■.= {!'' \ k e N}, D := Dw^, T := N", Di := Dhd^^^ for all 
/ e N", nihM) ■■= h + h and let 

be the restriction of the multiplication on Di^n . Identifying cM. (-D/d" , K) with 
Rlt\, the ideal {cM{D,I^),Kev{cM{D,R) cM{Di,R))) corresponds to the 
ideal {l'',t[^+\..., for all fc e N and « G N", which form a base of neighbor- 

hoods of of the linear topological ring Rft}. Since 9 is continuous, there exists 
for every fc £ N and « e N" an £ e N such that 6»(7^) C {l'',t['+\ tjj'+i). So the 
claim follows from corollary 1.15. □ 

Example 1.17. Let R be a commutative C-algebra and n G N. On R[x\, where 
X = (xi, . . . , Xn), there is an n-variate iterative derivation O^: R[x\ — > i?[a;]|Ito| 
(with w := {wi, . . . , tVn) ) defined by 9x{xi) = Xi + Wi for i ~ 1, . . . , n. This n- 
variate iterative derivation extends uniquely to R{x) (cf. [Mat89, Theorem 27.2] or 
[HeilO; Proposition 1.2.2]) and by corollary 1.16 it uniquely extends to R\x\. We 
denote these extensions (and their extensions to formally etale extensions) again 
by e^. 

1.3. Simple and Artiniein simple module algebras. 

Definition 1.18. Let D be a C-bialgebra. 

(1) A simple commutative i)-module algebra is a commutative D-module alge- 
bra {A,'^a) that has no non-trivial D-stable ideals, i.e. ideals I < A such 
that ^Ap^)/) C /. 

(2) An Artinian simple commutative ZJ-module algebra is a simple commuta- 
tive D-module algebra A that is Artinian as a ring. 

Definition 1.19. Let D be a C-bialgebra. 

(1) If L\K is an extension of Artinian simple commutative D-module algebras 
and B is a subset ofL, then we denote by K{B) the smallest Artinian simple 
D-module subalgebra of L that contains K and B. The extension L\K is 
finitely generated as extension of Artinian simple commutative D-module 
algebras if there exists a finite subset B of L such that L = K{B). 

(2) If S\R is an extension of commutative D-module algebras and B is a subset 
of S, then we denote by R{B}d (or also by R{B}^, R{B}p or R{B} if 
there is no risk of confusion) the smallest D-module subalgebra of S that 
contains R and B. 

Lemma 1.20. Let D be a C-bialgebra and (A, ^f^) be a simple commutative D- 
module algebra. Then A*-^ is a field and for every C-module V and every S 
cM.{A^D ®c y) the natural homomorphism 

A®^*^ T^*^ y 

is infective, where *y : D (8)c V is the restriction of 

Proof. Amano and Masuoka prove this in [AM05, Corollary 3.2] under the hyphoth- 
esis that D is cocommutative and their proof holds also if D is not cocommuta- 
tive. □ 
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Lemma 1.21. Let A be a commutative C -algebra, B he a commutative A-algebra 
and D be a cocommutative C-bialgebra. Then cM.{D,A) and po{B) are linearly 
disjoint over po{A) as subalgebras of c-M{D,B). 

Proof. Let 5i, . . . , 6„ G i? be linearly independent over A. If /i, ...,/„ € c-M{D, A) 
are such that J27=i fiPo{h) = 0, it follows = J27=iifiPo{bi)){d) = J27=i Md)h 
for all d & D. Since 6i, . . . , 6„ are linearly independent over A, we obtain fi{d) = 
for all d G D and alH = 1, . . . , n. □ 

The following results are generalizations of results from [AM05, Section 2], the 
main difference being that in our case D is not necessarily a Hopf algebra. Instead, 
until the end of this section we make the following 

Assumption 1.22. Let C be a field, G a monoid and be a pointed irreducible 
cocommutative Hopf algebra of Birkhoff-Witt type over C, i.e. is of the form 
B{U), where U is a C-vector space and B{U) is the cofree pointed irreducible co- 
commutative coalgebra on U as defined in [Swe69, pp. 261-271], such that is a 
CG-module algebra, where CO is the C-bialgebra defined in example 1.8 (4). We 
define D := D^^CG and for every submonoid G' ofG we define D{G') := D^^GG' 
(cf [Swe69, Section 7.2]). 

Proposition 1.23. Let R be a commutative D-module algebra that is Noetherian 
as a ring and simple as D-module algebra. We further assume that each g G G acts 
as an infective endomorphism on R, i.e. the endom,orphism i? — > i?,a ^/{g (x) a) 
is infective ( this is the case for example if G is a group or if G is commutative, cf. 
lemma 1.24). We consider the induced action of G on fl(R) from the right defined 
by P.g g^^{P) for g G G and P G ^{R), where g^^{P) denotes the inverse 
image of P under g, and denote by Gp := {g G G \ g^^{P) — P} the stabilizer of 
P in G. Then the following hold: 

(1) Every P G Vl{R) is D^-stahle, so that R/P becomes a D{Gp)-module 
domain. As DiGo^f^p^) -module algebra R/P is simple, where Gn(fl) := 

(2) The right action of G on VL{R) is transitive. Therefore the stabilizers Gp 
are conjugate to each other. 

(3) There is a natural isomorphism R = IlpenCfi) ^/P- 

Proof. The proof is similar to the one of [AM05, Proposition 2.4], but some mod- 
ifications are necessary due to the fact that in general the g G G do not act as 
automorphisms on R. We first note that the set of minimal prime ideals of 

R is finite. Since R is reduced, nQgQ(/j)(3 = and since all 5 G G act as injective 
endomorphisms on ii, it follows 

Therefore g-\Q) G for all Q G n{R) and all g G G. Since [G : Gq] < 
the index [G : Gq] is finite for all Q G and hence is [G : Gq(7j)]. 

To prove (1), we denote by pi : i? — >■ c-M.{D^,R) the homomorphism of G- 
algebras associated to the restriction of the D-mo6.vle algebra structure to a D^- 
module algebra structure. Then the inverse image pi^{cM.{D^ ,Py) is a D^-stable 
prime ideal of R that is included in P. Since P is a minimal prime ideal, it follows 
P = p^^{cM{D'^,P)) and so P is D^-stable. 
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Let J be a proper £'(Go(i{))-stable ideal of R containing P. Let 1 = gi, . . . ,g„ 
be a system of representators of the cosets G/GQ(fl). Then r)^^ig^^{J) is Z?-stable 
and thus equal to (0), since i? is a simple D-module algebra. Since P is a prime 
ideal, there exists an i G such that g^^iJ) ^ P- Together with our 

assumption P C J we obtain g^^{P) C g^^{J) C P. Since P is a minimal prime 
ideal, it follows g~^{P) = P, i.e. i = 1 and thus J = P. Therefore R/P is a simple 
£)( Go (/{))- module algebra. 

To prove (2), let P e 0(P). By part (1), g-'^{P) is D^-stable for all g & G. 
Therefore the intersection rigeG/Gp9~^{P) is -D-stable and thus we have 

r)QeQ{R)Q = (0) = r\geG/Gp9~\P), 

since i? is a simple D-modulo algebra. It follows {g^^{P) \ g G G/Gp} = fi(P). 

Now we prove (3): By the previous we have a bijcction G/Gp = i}{R) for every 
P e Cl{R). If Q and Q' are distinct elements of ri(P), then (g C)Q + Q' = P, 
since P/Q is a simple D(Gn(_R))-module algebra. Hence R — >■ YlQ^Qf^R^ R/Q — 
YlgeG/Gp P/9~^{P) is an isomorphism by the Chinese remainder theorem. □ 

Lemma 1.24. If the m,onoid G is commutative and R is a commutative D-module 
algebra, then the kernel Kei g of each g € G is a D-stable ideal of R. In particular, 
if R is a simple commutative D-module algebra, then all g £ G act as injective 
endomorphisms of R. 

Proof. We note that for all g G G and di#hi G D^^^CG we have 

n n n n 

=J29{d^)#gh, =Y,9{di)#h,g = {Y,9{di)#h){l#g). 

1=1 i=\ 1=1 1=1 

So for a G Kcr.9 we have {Wg){Y.l^^d,#h,){a) = {Y.l=^g{d,)#K){l#g){a) = 0, 
and thus (X]r=i diifhi){a) G Kcr{g). Therefore Ker(5') is a ZJ-stablc ideal of R. □ 

Proposition 1.25. Let R be a Noetherian simple commutative D-module alge- 
bra. If furthermore each g G G acts as an injective endomorphism on R, then the 
following are equivalent: 

(1) R is total, 

(2) R/P is a field for every P &n{R), 

(3) The Krull dimension of R is zero and 

(4) R is Artinian as a ring. 

In this case every R-module is projective. 

Proof. Since R = npeJ2(7?) R/P by proposition 1.23 (3), R is total if and only if 
R/P is total for every P G 0(P) and since R/P is an integral domain, this is the 
case if and only if P/P is a field. The Krull dimension of R is zero if and only if 
each P G r2(P) is a maximal ideal, i.e. if R/P is a field. Since R is Noetherian, it 
is Artinian if and only if its Krull dimension is (cf. [Bou85, Chapitre IV, §2.5, 
Proposition 9]). 

In this case R is semi-simple and so every P-module is projective (cf. [Bou85, 
Chapitre I, §2.4]). □ 

If G is a group, then we recover the first part of [AM05, Corollary 2.5] from 
proposition 1.25. 
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2. Galois theory of Artinian simple module algebras 

2.1. Notation. As in assumption 1.22, let C be a field, G be a monoid and let 
CG be the C-bialgebra defined in example 1.8 (4). Let further be a pointed 
irreducible cocommutative Hopf algebra of Birkhoff-Witt type over C such that 

is a CG-module algebra. We define D := D^^CG. 

Remark 2.1. These conditions allow for example the choices Dend, Daut or Djd^ 
for D (cf. example 1.8). The cocomm,utative pointed irreducible commutative Hopf 
algebra is of Birkhoff-Witt type ifQCC. Another example is provided by the 
Hopf algebra constructed by Masuoka in [MaslO], describing iterative q-difference 
operators as introduced by Hardouin in [HarlO]. 

Let L\K be an extension of Artinian simple commutative D-module algebras 
such that the elements g G G C D act as injective endomorphisms on L. By 
proposition 1.25, L and K have Krull dimension 0, are total and the monoid G acts 
transitively on il{L) and Q{K) (cf. proposition 1.23 (2)). If Q G fl{L) and P e 
fl{K), then we denote by Gq and Gp the stabilizers in G of Q and P, respectively. 
It follows Q{L) ^ G/Gq, n{K) ^ G/Gp and by proposition 1.23 we have 

Yl K/P and L= ]J L/Q. 
Pen(P) Qen(L) 

We assume that for every Q € ri(L) the field extension L/Q over K/{K n Q) is 
separable and finitely generated and that its degree of transcendence is the same for 
every Q, say n. Let w*^ = {uf , . . . , be a separating transcendence basis of it and 
let : L/Q ^ L/Q\w\ bo the associated n-variatc iterative derivation of L/Q 
over K/{Qr\K) defined by {'^i^i) = w^+Wj for alH = 1, . . . , r?, (cf. example 1.17). 
By corollary 1.14, there exists a unique n-variate iterative derivation 

(2.1) e^-L^Llwl 

on the product L = nQGa(L) ^IQ o'^^'^ ^ sudci that the projections to all factors 

L/Q are iterative differential homoniorphisms. We extend 6u to c-M{D,L) as in 
(1.3) and by abuse of notation we denote this n-variate iterative derivation again 
by 9^,. By [Gro64, Chapitre 0, 21.7.4], L/Q is formally etale over {K/{QnK))iu'^) 
for all Q € Q,{L). We define Ui :— {uf)Q,=n(L) G L for all i e {!,..., n} and 
u := (?ii, . . . , Un). Then L is formally etale over nQen(z,) (-^/(Q ^ -^))(^'^)- We 
denote the latter by K{u). 

2.2. The Galois hull £|/C of an extension L\K of Artinian simple D-module 
algebras. 

Lemma 2.2. If = {uf,...,u^) and = {vf , . . . ,v^) are separating tran- 
scendence bases of L/Q over K / [Q n K) for all Q G ^1{L) and 6^ and 9.^ are 
the associated n-variate iterative derivations on L over K as defined in (2.1), then 
there exists an automorphism (p of the L-algebra such that ^„ = ifoOu and the 

iterative differential subalgebras of cM-{D,L) generated by p{L) and po{L), once 
with respect to 9u, once with respect to 9.^, are equal, i.e. 

po{L){p{L)}e^^Po(L){p{L)}g^. 

Proof. We first show that for each Q G Q{L) there exists an automorphism (fg of the 
i/Q-algebra {L/Q)lw} such that = <^q o O^q- In fact, the set of formal power 
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series {9uq{vi) — t'i )i=i,...,n has an invertible Jacobian matrix (^^^q (^',; ))i^j=i and 
by the formal inverse function theorem (cf. for example [Haz78, A. 4]) there exists a 
continuous homomorphism of L/Q-algebras ipq : {L/Q)\w\ — > (i/(5)|i(;] such that 
^Q{^uQ{vf )-vf) =Wi= 9^q{v^)-v^ and thus also (/?Q(6'„<5(?;f )) = 6^Q{vf ) for 
alH = 1, . . . , n, so that (pQ o O^q and 6^q coincide on K{v'^ , . . . , v^). Since L/Q 
is a formally etale extension of {K/{Q n K)){vi , . . . , v^), they coincide on L/Q as 
well (cf. [Mat89, Theorem 27.2] or [HeilO, Proposition 1.2.2]). The automorphisms 
{<fQ )Qe(i{L) induce an automorphism (p of the L-algebra Llw} such that 9^ — ^poOu. 
The last claim is a direct consequence of this. □ 

We define 

jC := po{L){p{L)}e^ and /C := po(i)[p(^)] 

as the iterative differential subalgebras of {cM{D,L),9u) generated by po{L) and 
p{L) and by po{L) and p{K), respectively. Both are Z>(8>c-D/£)n -module subalgebras 
of {cM{D, L), pint®9u) and by the previous lemma £ does not depend on the choice 
of u.^ We call the extension £|/C the Galois hull of L\K. 

Example 2.3. Let K he a field and L = K{y) be a purely transcendental extension 
field ofK. We define an iterative derivation 9y on L as the K-linear homomorphism 
By-. L ^ Llt\ fulfilling 9y{y) := y + t (cf. example 1.17). We chose u = y as 
separating transcendence basis of L over K. Then C = L[K{y + 1)] and K = L. 

Example 2.4. Let K he a field containing Q and L = K(y) be a purely tran- 
scendental extension field of K. We define an iterative derivation 9y on L as the 
K -linear homomorphism 9: L Lft} fulfilling 9{y) := yexp{t). We chose u = y as 
separating transcendence basis of L over K. Then C = L[K{yexp{t))] and K = L. 

2.3. The Umemura functor. For every commutative L-algebra A we consider 
the tensor product 

cM{D,L) ^lAIwJ, 

where the i-algebra structures on cM.{D,L) and on A\w\ are given \sy pq: L ^ 
cM{D,L) (cf. example 1.9 (7)) and hy 9^: L ^ Llw\ (cf. (2.1)), respectively. 
This tensor product carries a D ®c f/zj" -module algebra structure p®9, induced 

by 

(2.2) {cM(D, L), ® 9^) (L, *o <^ 9^) (AH, *o ® 9^) 

using proposition 1.12. The homomorphism 

p(S)9: cM{D,L) Alwj ^ cM{D ®c Did^,cM{D,L) ®l A|u;]) 

is continuous with respect to the (w)-adic topology on cM.{D, L) (g)^ and the 
{w, T)-adic topology on 

cM{D, cM{D, L) ®L AlwDlT} ^ cM{D ®c DiDn,cM{D, L) ®l Alw}). 

Therefore, this D 0c D/un -module algebra structure extends to the completion 

cM{D,L)^lAIw\ 

^Originally Umemura defined to be a field, but later the definition was changed. The 
definition we give here coincides with the definition in [Mor09] when D = Df.„ii and L and K are 
fields. 
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with respect to the (lo)-adic topology by coroUary 1.15. The algebras 
and /C(8>i^|wl are D DiDn-module subalgebras. 

Definition 2.5. The Umemura functor of L\K is the functor 

Vme{L\K): CAIg^ Grp, 

where for each commutative L-algebra A we define '[]ine{L\K){A) to be the group 
of automorphisms f of the of D (^c Djd'^ -module algebra jC^l^Iw} that leave 
K.'^lAIwJ fixed and make the diagram 

C^lAM ^ mL{A/N{Amwl 

commutative. If X: A ^ B is a homomorphism of commutative L-algebras, we 
define 

llme{L\K){X): llme{L\K){A) ^ Vme{L\K){B) 

by sending ip E \Jmc{L\K){A) to f^Afwl idsiu,!, where we consider BlwJ as Afw^- 
algebra via the hom,om,orphism X\w\: A\w\ B\_w\. 

2.4. Lie-Ritt functors. Umemura defines Lie-Ritt functors in [Ume96]. Here we 
use a slightly changed version of them. 

Notation: In this subsection let L be an arbitrary commutative ring and A be a 
commutative L-algebra. 

The infinitesimal coordinate transformations of n variables over A 

TnL{A) ■={{ipu---,Vn)& {AMT \^i=Wi mod N{A)iw\ V i G {1, . . . ,n}}, 

where n € N and where we denote by w the tuple {w\, . . .,Wn), form a group with 
multiplication given by composition, i.e. if $ = (<^i, ...,(/?„), * G FnLiA), then 
$ • * is defined as ((^iC^-), . . . , (cf. [Bou81, Chapitre IV, §4.3 and §4.7]). 

We equip the ring AfivJ with the n-variatc iterative derivation 6 over A with 
respect to w (cf. example 1.17) and wc extend it to 

:= Alwi,. . . , WnMYl"^ \ i e {1, . . . ,n},k eN^j. 

with elements (^^'°^)je{i,...,n},feeN'') algebraically independent over by 

gii) (yI^)^ := (^^ + '^y/fc+') 

for all I G N". We denote by the iterative differential subring of 

AIiti]{{r}} generated by Alw, Yj, where Y denotes the n-tuple {y}°\ ri°'). 
For F G ^|tti|{A[[F]}e and $ = (^si, ...,¥'„) G T^LiA) wc denote by F\y=<s. the 
image of F under the homomorphism of ^|tu]-algebras — Afwj 

that sends y}''^ to O^'^^ip,). 

Definition 2.6. A Lie-Ritt functor over L is a group functor G on the cate- 
gory of commutative L-algebras such that there exists an n € N and an ideal 
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/ < LltuJI-LiyJIe such that G{A) = Z{I)(A) for every commutative L-algebra 
A, where 

Z{I){A) := {$ G r„L(A) I F|y=<j, = for all F e I}. 

Remark 2.7. In [Ume96, Definition 1.8] Lie- Ritt f^mctors over L are defined us- 
ing ideals in LlwJ{{Y}} instead of LlwJ{LlYj}g. Since the term F^y=^ is not 
well defined for elements F e LlwJd'K}} in general, we use the above definition 
instead. 

Example 2.8. We define a subgroup functor G+ ofTiz as 

G+{A) := {ao + «; I flo e 

for all commutative rings A. Let I be the ideal in 2\w\{L\Y\}o generated by F^^^ — 1 
and yf*^) for all k > 2. Then G+ = Z{I), i.e. G+ is a Lie- Ritt functor over Z. 
Furthermore, G+ is isomorphic to the additive formal group scheme Go. 

Proof. Let A be a commutative ring. An clement <p(w) = X]i>o('^« ^" Si_i)w^ G 
Tm{A) lies in Z{I){A) if and only if 1 = e^^Hip) = J2^>li<^^ + and for all 

> 2 the equation = 0'^''\>fi) = J2i>k {Di^t + ki)w'~'" holds. This is the case if 
and only if afc = for all A; > 1, i.e. if (p{w) = ao + w for some ao G A^(^). □ 

Example 2.9. We define a subgroup functor G* of Fiz as 

G^A) := {(1 + ai)w | ai G iV(^)} 

for all commutative rings A. Then G, is a Lie-Ritt functor over Z and G* — Z{I), 
where I = {{wY^^^ — Y,Y^''^ \ k > 2}). Furthermore, G* is isomorphic to the 
multiplicative formal group scheme . 

Proof. An element (p{w) = J2i>a{'^i + Si,i)w^ G Tiz{A) lies in Z{I){A) if and only 

for all k > 2. This is the case if and only if ao = and = for all k > 2, i.e. if 

^{w) G G,(A). □ 

Example 2.10. Let L be a field and ^ y G L. We define a subgroup functor G* 
of Til as 

G*(A) := {yai + (1 + ai)w \ ao G N{A)} 

for all commutative L-algebras A. Then G* is a Lie-Ritt functor over L and G* = 
Z{I), where I = {{{y + w)Y(^^ - Y -y, F^^) \k>2}). 

Furthermore, G* is isomorphic to the Lie-Ritt functor G* in example 2.9 and 
thus also to the multiplicative formal group scheme • 

Proof. An clement (^(w) = Yliyoi^i^^i-^)"^'^ ^ Til (A) lies in Z{I){A) if and only if 
{y+w) Ei>i i{ai+Si,l)w'-'-^^^J,{ai+5i^^)w'-y = and 9^''HE^>oia^+kl)w') = 
hold for all > 2. This is the case if and only if ao = yai and Ofe = for all 
k>2, i.e. if G G,(A). 

An isomorphism G» — ;> G» is given by sending (1 + ai)w G G*(j4) to yai + 
(1 + ai)ui G G*(A), which is multiplicative since if (1 + bi)w is another element of 
G*(A), then the product of {l-\-ai)w and {l-\-bi)w in G*(A) is (l + ai)(H-&i)'u; = 
(l+ai + 6i+ai6i)ii;, which has as image in G*(A) the element 2/(ai + 6i+ai&i) + (l + 

At the other hand, the product of yai + (l+ai)ui and + 
in G*(^) is ?/ai+(l+ai)(j/6i+(l+6i)«;) = ?/(ai+6i+ai6i)+(l+ai+6i+ai6i)w. □ 
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The analogues of example 2.8 and 2.9 in the setting of Umemura appeared in 
[Ume96, Example 1.9(i) and (ii)]. Since he assumes Q C L, it is sufficient for him 
to use the equation F'^^-' — 1 and wY'^^^ — y as generators of / in the first and second 
example, respectively. In the general case we have to add the equations F*^*^^ for 
k>2. 

Proposition 2.11. Every Lie-Ritt functor over L is isomorphic to a formal group 
scheme over L. 

Proof. Let A be a commutative L-algebra. Then for every n e N we have an 
isomorphism 



VfcGN" /i=l....,n 



(i,fe)e{l,...,ra}> 



which is natural in A. It gives rise to an isomorphism from TnL to the formal 
scheme a[^'->"}xN"^ ^hich has as A-points the set Ar(A){i'-'">><N". 

There exist formal power scries n}.JeN" in variables with 

j G {!,..., n} and fc S N", coefficients in Z and constant terms equal to zero 
defined by 

n 

fi,liiUj^k,Vj,k){j,k)e{l,...,n}xN'')= ^Vi,k ^ n n 

^11=1 lfi.,iy=l 

such that for all elements ^' = {^pi, . . . , ipn) and <& = {(pi, . . . , (pn) of r„j;,(A) with 
= SfeeN" ai,kw'' and -0, = J2keN" h,kw'' for aU i e {1, . . . , n} we have 

V'<(^) = E fi,liiO'j,k,bj,k){j,k)e{l,...,n}xN'')w''. 

The formal power series fij have the monomials have finite support condition (cf. 
[IIaz79, Definition 7.2]) and since the multiplication in r„i(A) is associative and 
unital, with unit the tuple (wi, . . . , «;„), we see that fi^i give rise to an (infinite 
dimensional) formal group law in the sense of Hazewinkel (cf. [Haz79, Definition 
7.5]). They also give rise to a morphism 

£{l,...,n}xN'' ^ £{l,...,n}xN'' _^ £{l,...,n}xN'' 

of formal schemes over L, which defines a group law on A.^^' " '"^^^ such that 
^U,...,n}xN |-,g(,Q]^gg formal group scheme over L, which is isomorphic to the 
group functor Tn^. 

Let G be an arbitrary Lie-Ritt functor over L and let / < Z/|w]{Z/|y]}6i be such 
that G = Z{I). Let <I> = {if I, . . . ,ipn) e r„L(-4) and ipi = J2keN" o^iM^^ for all 
i e {l,...,n}. For h € I the condition /i($) = is equivalent to a system of 
polynomial equations {h\)x^Ah among the coefficients a,,fe. Thus, G is isomorphic 
to the closed formal subgroup scheme of j^^^' - '"}^'*' defined by the polynomials 
hx for ail h G I and A e A^,. □ 



2.5. The Umemura functor as a Lie-Ritt functor. Notation: In this subsec- 
tion we assume that L\K is as in subsection 2.1. 
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Lemma 2.12. For any commutative L-algebra A there exists an injective homo- 
morphism of D -Djd" -module algebras 

(2.3) HA,u ■■ cM{D, L)^lAIwI ^ cM{D, Alwj) 

^ /i (g) aiW^ i-> ^ Ouifi) ■ poiaiw"-), 

iGN" ieN" 

where we consider c-M.{D, AlwJ) as D-module algebra via ^int dnd as Dju^- 
module algebra with the Djn^-module algebra structure induced by 9^ on A\w\ 
to cM{D,Alw\) via lemma 1.10 (3). 

Proof. The composition of homomorphisms of D ®c -D/d" -module algebras 

cM{D,L)®lAIw\^^^ cM{D,Llw\)®LcM{D,Alwl)'^ cM{D,Alwl), 

is injective by lemma 1.21. We extend this homomorphism to the completion 
cM{D,L)®lA\w\. This extension is again injective, since the inverse image of 
cM{D, w^) is {l(g)w^) and their intersection over all fe e N" is (0). □ 

The following theorem generalizes [Ume96, Lemma 5.9] and [MorOQ, Theorem 
2.22]. 

Theorem 2.13. The functor '\5me{L\K) is a Lie-Ritt functor over L. 

Proof. For a commutative L-algebra A we consider the map 
\Jme{L\K){A)-^rnL{A) 

(2.4) 

if I > (evio OIJ,A,u O VKPyUi) (8) 1) - Wi)i=l,...,n- 

Let G \]viic{L\K){A) and define 

$ := ((pi, . . . , ipn) ■■= (evio o/i^_u o (p{p{ui) 1) - Wi)i=i, ...,„. 
Then we have 

evio opA,u ° v{p{ui) ®l)-Ui = Wi mod N{A)lw'\, 

so that (2.4) is well defined. We define 

F:L^Alwl, ai-^ evijyO^OuO p{a), 

where ^9u '■ L Alwj is the composition of 9u with the endomorphism of Afw} 
sending Wi to (fii for alH G {1, . . . , n}, and 

G-.L^Afwl, a evij3 o/XA,u o i^(p(a) (g) 1). 

Trivially F and G coincide on K and for all i = 1 , . . . , ri we have 

F{ui) = evij^o^Ou o p{ui) ^ Ui + (fit ^ Ut + eyij^oiiA,u o (pip{ui) (g) 1) - = G{ui). 

Since L is formally etale over K{u-i, . . . ,Un), F and G coincide also on L. Since 
P, iJ'A,u and ^9u are homomorphisms of D-module algebras, it follows that for 
all a G -L 

(ma.u o ^{p{a) ® l))(rf) = {d.{^lA,u o ^{p{a) ® 

= {pA,u ° fipid.a) (g) 1)){Id) 
= (*^„(p(d.a)))(lfl) 
= {d.{^9^{p{a)miD) 
= (*^«(p(a)))(d), 
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i.e. iJA,u ° "8) 1) = •s>(}uipia))- Using that for all a £ L 

VfeeN" / 
and the injectivity of p-A,u, this implies 

(2.5) ^{pia) ® 1) = E ^ (/^ («)) ® - «^)''- 



Next, wc; show that the natural transformation induced by (2.4) respects the 
group structures. To this end, let tp G \Jme{L\K){A) and let ^' be the image of it 
under (2.4). By equation (2.5) we obtain, using the abbreviations $' = $ — t« and 
^r' = - that for all a e -L 

^o^(p(a)®l)= ^ ( E €\p{a)) ®{^~ w A 
VfeeN" / 

fei,fe2,«eN"^ ^ ^ ^ 

m,fe2,i6N" ^ ^ 

= E o!^\p{a))^m^)-wr. 

meN'" 

It follows that the image of (/^ o -0 in r„i(j4) is $(5'). 

It remains to show that the image of the natural transformation induced by (2.4) 
is of the form Z{I) for some ideal I of LltuljLl'Kllji. For all meN, elements 
ai , . . . a„i G L, iterative differential polynomials F{Xa-^ t ■ ■ ■ ^ ) G A^{^ai , • . • , } 
with coefficients in K. and in iterative differential variables Xa^ ,■■ ■ fulfilling 
F{p{ai), . . . , p{am)) = (with respect to the iterative derivation 6u) and for all 
d £ D we define 

Fd F'^-{Y0u{p{ai)), . . . , y^^„(p(a™))) 

as an element of XltyJlXll^Jje, where Y is considered as an n-tuple of iterative 
differential variables and F^" denotes the differential polynomial in , . . . , Xa^ 

obtained from F by applying 0„ to its coefficients. Let I be the ideal generated by 
all such Fd- Then the image of (2.4) is equal to Z{I). □ 

Corollary 2.14. The functor \Jme{L\K) is a formal group scheme over L. 

Proof. This follows from theorem 2.13 and proposition 2.11. □ 

Example 2.15. In the situation of example 2.3 the Umemura functor \Jme{L\K) 
is isomorphic to the functor G+ (cf. example 2.8) and thus to the additive formal 
group scheme Go- 
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Proof. Let A be a commutative L-algebra. Then every (p e \Jme{L\K){A) is deter- 
mined by ip{p{y) (8) 1). The relation 6^\p{y)) = 1 implies 

(2.6) ^«(</p(p(y)0l)) = O 

where 6 denotes the iterative derivation on £01,^1^] induced by 9u{= Oy) on £ 
and 9w on Since for all A; > 2 we have 

^^y\p{y)) = 0, it follows 

(2.7) ^W(^(p(y)®l))=0. 

By theorem 2.13, there exists a $ G Vil{A) such that ip{p{y)®l) = X^^gf^ ^^^{p{y))® 
($ — cf. equation (2.5). In our situation this becomes 

^p{p{y) 1) = 5Z ^^y\p{y)) ® (* - = p{y) ®i + i®{^-w)- 

Therefore, if we write $ = X^j^p^ diW^, then 

<y9(p(y) O 1) = (?/ + i) (8) 1 + 1 O (^ aiw' - w). 

iGN 

From (2.6) and (2.7) we obtain aiiw^~^ — 1 and X^jgn ("^') ~ 0' which 

implies ai=l and Ofc = for all k > 2. Hence ip{p{y) 1) = p(?y) $5 1 + 1 (8 ao 
and $ = flo + w with oq S -^(^)- The elements $ e rii(A) of this form are the 
elements of G^{A). Conversely, the automorphisms if of the form ip(p{y) (gi 1) = 
p{y) (g) 1 + 1 (g) ao belong to \]n\c{L\K){A) . □ 

Example 2.16. In the situation of example 2.4 the Umemura functor \Jm.e{L\K) 
is isomorphic to the functor G* (cf. example 2.10) and thus to the multiplicative 
formal group scheme 

Proof. Lot A be a commutative L-algebra. Then every Lp G \]'me{L\K){A) is de- 
termined by ip{p{y) (8) 1). The relations p{y) = yO^\p{y)) and Oy'\p{y)) = 
imply 

My) ® 1) = (?y ® 1)^^^' (My) ® l)) and 6'('=) {ip{p{y) 1)) = 
for all fc > 2. By theorem 2.13 there exists a $ e ri(A) such that 

^(p(y) ® 1) = ^ (p(2/)) ® ($ - «;)^ 
feeN 

cf. equation (2.5), which becomes 

ip{p{y) (8) 1) = p{y) (8> 1 + p(2/)/2/ ($ - w) 

here. It follows 

p{y) (8 1 + p{y)/y ® ($ - w) = (j/ (8 l)(e(iHp(y) ® 1 + p(y)/y ® (* - w))) 

= p(y)(8l + p(y)(8(^W($)_i)) 

and therefore 

$ = (y + w)e^^\^)-y. 

□ 
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3. Picard-Vessiot extensions of Artinian simple module algebras 

Amano and Masuoka unified the Picard-Vessiot theories of differential equations 
and difference equations using Artinian simple D- module algebras (cf. [AM05]), 
where D is a bialgebra over a field C. They restrict themselves to the case where 
the bialgebra D is a pointed cocommutative Hopf algebra such that its irreducible 
component of 1 is of Birkhoff-Witt type. This excludes bialgebras such as Dend (cf. 
example 1.8 (3)). Here we sketch how their definitions and some of their results 
can be generalized to include this case as well. 

Notation: Let C be a field, G he a monoid and he a pointed irreducible cocom- 
mutative Hopf algebra of Birkhoff- Witt type over C such that is a CG-module 
algebra (cf. example 1.8 (4)). We define D := D^ij^CG. 

Definition 3.1. An extension of Artinian simple commutative D-module algebras 

{L, pl)\{K, pk) is Picard-Vessiot if the following hold: 

(1) The elements g € G operate as injective endomorphisms on L. 

(2) The constants Lf"- of L coincide with the constants K^'^ of K. 

(3) There exists an intermediate D-module algebra {R, pa) of K C L such that 
the total ring of fractions Q(-R) of R is equal to L and such that the Rf"^ - 
subalgebra 

H := {R ®K Ry^P"" 
of R ®K R generates R ®k R as left R-algebra, i. e. 

R- H = R^K R- 

The Picard-Vessiot extension L\K is called finitely generated if it is finitely gener- 
ated as extension of Artinian simple D-module algebras. 

Proposition 3.2. Let L\K be a Picard-Vessiot extension of Artinian simple com- 
mutative D-module algebras with constants k := and {R, pn) and H he as in 
definition 3.1. Then the following hold: 

(1) The homomorphism 

(3.1) p.: {R®kH,pR® po) ^ {Ri^iK R,Pr'S) Pr), a iS) h ^ {a ® I) ■ h 

is an isomorphism of D-module algebras. 

(2) The k-algebra H carries a Hopf algebra structure induced by the R-coalgehra 
structure on R ®k R, given by the counit 

e : R ®K R^ R, aigibi-^ ab 

and the comultiplication 

A: R^kR^ {R^k R) (^r{R^k R), a(g)6i-^ (a(g) 1) «) (1 
The antipode S of H is induced by the homomorphism 

t: R®kR^R®kR^ a®h^b®a. 

(3) The intermediate D-module algebra {R, pu) satisfying condition (3) in def- 
inition 3.1 is unique. 
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Proof. This can be proven essentially as [AM05, Proposition 3.4], only the proof of 
(3) needing a slight adaption: 

If Ri and R2 satisfy condition (3) in definition 3.1, then R1R2 satisfies it too. 
Therefore we can assume that Ri is included in R2. We define Hi := [Ri ®k 
R^yB^<iS>pn^ and H2 := {R2 ®x i?2)''^2«'Pfl2 . Then Hi is a Hopf subalgebra of H2 
and thus H2 is faithfully flat over Hi by [Wat 79, Chapter 14]. Therefore L®kH2 is 
faithfully flat over L®kHi. By proposition 1.25, the iC-module L is projective and 
so in particular flat. By [Bou85, Chapitre 1, §3.5, Proposition 9], L is also faithfully 
flat over K and therefore L®kR\ is faithfully flat over Ri (cf. [Bou85, Chapitre 1, 
§3.3, Proposition 5]). Since by the above L ®k R2 — L^k H2 is faithfully flat over 
L ®K Ri=L®kHi,L ®K R2 is also faithfully flat over Ri (cf. [Bou85, Chapitre I, 
§3.4, Proposition 7]) and hence R2 is faithfully flat over Ri. Thus for each n € Ri 
we have riRi = rii?2 ni?i. For any r2 € R2 there exists a non-zero divisor n G Ri 
such that rir2 € Ri, since R2 C L = Q(i?i), and so rir2 G riR2 Ci Ri = riRi. 
Therefore r2 £ Ri, i.e. R2 = Ri- □ 

Definition 3.3. If L\K is a Picard-Vessiot extension of Artinian simple commu- 
tative D-module algebras, then R and H in definition 3.1 are called the principal 
ZP-module algebra^ and the Hopf algebra of L\K , respectively. If we want to indi- 
cate R and H, we denote the Picard-Vessiot extension L\K also by {L\K, R, H) . 

Definition 3.4. If [L\K, R, H) is a Picard-Vessiot extension of Artinian simple 
commutative D-module algebras, then we define the Galois group scheme Ga.l{L\K) 
of L\K to be the affine group scheme SpecH over . 

Proposition 3.5. Let {L\K, R, H) be a Picard- Vessiot extension of Artinian sim,ple 
commutative D-module algebras with constants k := . Then for any commutative 
k-algebra A the A-points of Gal{L\K) = SpecH are isomorphic to the group of 
automorphisms of the D-module algebra {R (gifc A, p ® po) that leave K i^kA fixed. 

Proof. This can be proven as [Ama05, Theorem 3.6.1]. □ 

Proposition 3.6. Let {L\K, R, H) be a Picard-Vessiot extension of Artinian simple 
commutative D-module algebras. 

(1) Then R is a simple D-module algebra. 

(2) The ring R is isomorphic to npef2(L) R/ [P ^ R)- 

Proof. (1) This can be proven as [AMOS, Corollary 3.12] (cf. also [Ama05, 
Proposition 3.5.9]). In its proof [AM05, Proposition 3.10 (i)] is used, which 
also holds in our generalized setting. 
(2) The ring L is a localization of R and thus ^{L) — U{R), P P n i? is an 
injection. We obtain an injective homomorphism 

(3.2) R-^ Yi RI{P^R)- 

If for minimal prime ideals P,Q e^l{L), the ideal J := {P n R) + {Q n R) 
would be strictly smaller than R, then as in the proof of 1.23 (1), using that 
R is simple as a D-module algebra, one can show that J = PriR = QnR, 
i.e. that P = Q. Therefore (3.2) is an isomorphism. 

□ 



In Picard-Vessiot theory of differential and difference equations, this algebra is usually called 
Picard-Vessiot ring. 
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Proposition 3.7. Let {L\K, R, H) be a Picard-Vessiot extension of Artinian simple 
commutative D-module algebras. Let further U,{K) = {Pi,...,Prn} and for all 
i G {1, . . . , m} let . . . , Qi^n be the minimal prime ideals of L lying over Pi. 
We define L, := Y{%^L/Q,^j, k ■= ]Tj'=i R/iQi^nR), K, := K/Pi, Li^^ := L/Q,,j 
andRij := R/ (QijCiR) for all j E {l,...,r,}. We denote by k the field of constants 
of L. Then {Li\Ki, Ri, H) is a Picard-Vessiot extension of Artinian simple D{Gp^)- 
module algebras for all i G {1, . . . , m}. 

Proof. For each i G {1, . . . , m} we denote by TTi : i? —>■ i?i the canonical homomor- 
phism. Since L has Krull dimension 0, we see that Qi.ji + Qi,]^ = L and thus 
[Qi.ji n i?) + {Qi.j.2 r\ R) = R for all ji 7^ j2 S {1, • • • ,ri}. Hence tt^ is surjcctive. 
If we denote by /j-i the homomorphism Ri ®i. H ^ Ri ®Ki Ri, ri ® h ^ {ri ® l)h, 
then the diagram 

R(^kH — RiSikR 

Ri ®k H — ^ Ri ®K, Ri 

commutes and since ji is an isomorphism, /Xj is an isomorphism too. We note that 
also hf^'^"*^ =L^ = K^ = Kf^'^'''\ Finally, also Q(i?i)_= Li, since if S is the set 
of non-zero divisors of R, then {S~'^R)/S-^{Q^J n i?) = S~^{R/{Qt^j n R)), where 
S is the image of S under R -j> R/{Qij n R). We note that S~^{Qij Ci R) = Qij 
and that S is the set of non-zero divisors of Rij. Therefore Q,{Rij) = Lij and thus 
Q{Ri)^Li. ' ' ' □ 

Proposition 3.8. Let {L\K. R. H) be a Picard-Vessiot extension of Artinian simple 
commutative D-module algebras such that R is a finitely generated K-algebra and 
H is a finitely generated k-algebra. Then with the notation of proposition 3. 7 we 
have: 

(1) The following conditions are equivalent: 

(a) R is smooth over K, 

(b) Ri is smooth over Ki for all i & {1, ... , m}, 

(c) H is smooth over k and 

(d) Ga[{L\K) is smooth over k. 

(2) The following conditions are also equivalent: 

(e) Li is separable over Ki for all i G {!,..., m}, 

(f) Ri is separable over Ki for all i G {!,..., to} and 

(g) k®kH is reduced. 

(3) The equivalent conditions in (1) imply those of (2). If k is perfect, then the 
converse holds and these conditions are further equivalent to the following: 

(h) H is reduced and 

(i) R ®K R is reduced. 

Proof. We first prove (d) ^ (c) <^ (a) <^ (b) (e) (f) <«4> (g): 
The equivalence of (c) and (d) is clear. 

By [Gro67, Chapitre IV, 17.7.3 (ii)], R'S)k Ris smooth over R if and only if R 

is smooth over K. In the same way H is smooth over k if and only if i? ®fe is 
smooth over R. Since R ®k R = R®k H, we conclude that R is smooth over K if 
and only if H is smooth over k. 
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Since smoothness is a local property (cf. [Gro67, Cliapitre IV, 17.3.2 (iii)]) and 
since R = HI^i ^^'^ ^ — HiLi -^ii is smooth over K if and only if Ri is 
smooth over Ki for all i € {1, ... , m}. 

If Ri is smooth over Ki , then Li is formally smooth over Ki , since as a localization 
Li is formally etale over Ri. By [Gro67. Chapitre IV, 17.1.6] we see that Li is 
formally smooth over Ki if and only if Lij is formally smooth over Ki for all 
j e {1, . . . ,r,:}. By the theorem of Cohen (cf. [Gro64, Chapitre 0, 19.6.1]) L^j 
is formally smooth over Ki if and only if it is separable over Ki. The product 
Li = Yl/=i is separable over K^ if and only if each Lij is separable over K^. 
Thus Li is formally smooth over Ki if and only if it is separable over K^. 

If Li is separable over if^, then obviously Ri is also separable over Ki and the 
converse holds too (cf. [Bou81, Chapitre V, §15.2, Proposition 4]). 

By proposition 3.7, {Li\Ki, Ri, H) is a Picard-Vessiot extension of D{Gp. )-module 
algebras for alH G {1, . . . , m}. Therefore we have an isomorphism 

Ri Ri=Ri<S'k H. 

Let m; be a maximal ideal of Ri. Then Ri/vXi can be embedded into an algebraic 
closure K^ of Ki by Hilbcrt's NuUstellensatz. We extend the induced isomorphism 

Ri/mi ®Ki Ri = Ri/mi (g)^ H. 

to an isomorphism 

Wi^K, Ri=TU®k H. 
Since Ri is separable over Ki if and only if Ki Ri is reduced, and since Ki H 
is reduced if and only iik®k H is reduced, the equivalence of (f) and (g) follows. 
We now prove that (c) (g) <^ (h) <J4> (i) if k is perfect: 

Since k is perfect, the afhnc group scheme Gii\{L\K) = Spcci/ is smooth over 
k if and only \ik®i.H is reduced (cf. [Wat79, 11.6]) if and only if H is reduced 
(cf. [Bou81, Chapitre V, §15.2, Proposition 5]). Since R is reduced, H is reduced 
if and only ii R®k H = R ®x R is reduced. □ 

4. Comparison with Picard-Vessiot theory 

In this section we examine the Galois hull £|/C defined above in the case where 
{L\K, R, H) is a finitely generated Picard-Vessiot extension of Artinian simple com- 
mutative D-module algebras such that R is smooth over K and compare the Ume- 
mura functor '\]me{L\K) with the Galois group scheme Gal(i|ii') of L\K as defined 

by Amano and Masuoka. 

Notation: Let C be a field. G he a monoid and, be a pointed irreAueible cocom- 
mutative Hopf algebra of Birkhojf-Witt type over C such that is a CG-module 
algebra. We define D := D^^CG. Let {L\K, R, H) be a Picard-Vessiot extension 
of Artinian simple commutative D-module algebras such that R\K is smooth. We 
further assume that there exists a matrix X e GL„(i?) such that R = K[X,X~^] 
and d{X)X~^ S Mn{K) for all d & D (if D is a Hopf algebra, then this is the case 
by [AMOS, Theorem 4.6]^. Let Q{K) = {Pi, . . . , P^} be the set of minimal prime 
ideals of K and for each i € {1, . . . , m} let Qi^i, . ■ . , Qi^n be the minimal prime 
ideals of L lying over Pi. We define Ki := K/Pi, Lij := L/Qij, Li := ]Y/=i ^/QiJ 
and Ri '■= YVj=i R/iQi,j ^ R)- Ry proposition 3.8, Li is separable over Ki for all 
i G {1, . . . , m} and thus all Lij {j G {1, . . . , ri}) are separable over Ki. We assume 
that the transcendence degree of Lij over Ki is the same for all i G {l,...,m} 
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and all j £ {1, . . . , r^}. Let u^"^'^^ = . . . , uil'''^) be a separating transcendence 

basis for the extension Li,j over Kj and let 9^ be the n-variate iterative derivation 
(2.1) on L over K . We denote by the D-module algebra structure on L, by p the 
associated homomorphism oj C -algebras and by k := the field of constants of L. 

Lemma 4.1. The subring of c-^{D,L) generated by po{L) and p{L) is closed 
under the n-variate iterative derivation 9u and po{L) and p{L) are linearly disjoint 
over the field of constants k; i.e. with the notation of subsection 2.2 there is an 
isom,orphism 

(4.1) C = p,,{L)[p{L)]= p^{L)®kp{L) 

of D-module algebras. Similarly, pq{L)[p[R)\ is closed under 9 u and po{L) and p{R) 
are linearly disjoint over k, i.e. there is an isomorphism of D-module algebras 

(4.2) poiL)[p{R)]^poiL)®kPiR). 

Proof The element Z := p{X)po{X)-'^ lies in GLn{cM{D,K)) and so 

poiL)[p{R)]=^p{R)]^IC[piX),p{X)-']=IC[Z,Z-'] 

is closed under 9u. Since p{L) = Q(p(i?)), for every non-zero divisor a € R the 
clement 9u{p{a)) is invcrtiblc in /9o(I')[p(I')]|i«l by [Swe69, Lemma 9.2.3]. Thus, 
Pq{L)[p{L)\ is also closed under 9u. 

It follows from lemma 1.20 that p{L) and po{L) are linearly disjoint over k and 
thus that C and pa(L) Cgj, p{L) are isomorphic as Z)- module algebras. Since p{R) 
is a subalgebra of p{L), the algebras p{R) and po{L) are also linearly disjoint over 
k and we obtain the isomorphism (4.2). □ 

Lemma 4.2. We assume that the field of constants k is perfect. Then there exists 

a finite etale extension K' of K, a matrix B G Gljn{K') and a right R® k K' -linear 
automorphism 7 of the D-module algebra {R ®k R ®k K', p C$i po ® Po), defined by 

(4.3) 7(X ® 1 (8> 1) := (X ® 1 (8> 1)(1 ® X'^ (g) 1)(1 (gjl^B). 

Proof. Let rj: {R,pr) {R H,pji ® po) be the homomorphism of f-module 
algebras defined by r]{a) := /Lt~^(l a) for all a £ R, where p,: R^k H ^ R ®k R 
is the isomorphism of D-module algebras (3.1). Then r} fulfills 

(4.4) r]{X) = (X ® (1 ® 1))(1 O {X-^ O 1)(1 ® X)). 

By proposition 3.8, Gal(Lj|ii'i) is smooth over k and by proposition 3.7, Li\Ki 
is a Picard-Vessiot extension for all i G {l,...,m}. Since the JsTj-algebra Ri is 
finitely generated, Speci?i has a point in the algebraic closure of Ki by Hilbert's 
Nullstcllcnsatz. Since Spcci?^ is a principal homogeneous space for the smooth 
affine group scheme Ga\{Li\Ki), it has in fact a point in a finite separable field 
extension of Ki (cf. [Wat 79, 18.5]). Together they provide a point u: R ^ K' 
of Spec R ~ Spec Hili '^^ ^ finite etale extension K' of K. We extend the 
composition 

R^^R<3kH^ >R<3kR<^KR ''"^''''"^"'^> i?^fei?0^j^^ 
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right R (E)K i^T'-linearly to an endomorphism -y of R (E)k R ®k K' and we define 
B := v{X). Then the defining identity (4.3) for 7 follows from equation (4.4) and 
clearly 7 is a homomorphism of D-module algebras. The inverse of 7 is given by 
the right R ®k K'-\mea.v extension of 

to an endomorphism oi R®kR ®k K' , where S is the antipode of H. 

□ 

Theorem 4.3. If the field of constants k is perfect, then there exists a finite etale 

extension L' of L such that '[Jmc{L\K) x^L' is isomorphic to the formal group 

scheme Gal{L\K) j^, associated to the base extension Gal{L\K)L' = Gal{L\K) XhL' 
of the Galois group scheme Ga,\{L\K). 

Proof. Let A be a commutative L-algebra. By remark 3.5, Gal{L\K){A) is isomor- 
phic to the group AutD{R^kA\K^kA) of automorphisms of the £>-module algebra 

RcSik A that leave K A fixed. Thus Gal(L|isr)(^) is isomorphic to the kernel 

(4.5) KeT{AxitD{R<S)kA\K(S)kA) AutDiR<S)k A/N{A)\K A/N{A))) . 
The isomorphisms (4.1) and (4.2) induce isomorphisms of algebras 

(4.6) C^LAlw}^{L®kA)lw} 
and 

(4.7) po{L)[p{R)]^lAM ^ (i?®fc A)lwl 

Using these isomorphisms it is easy to see that Umc(L|_ft')(j4) is isomorphic to the 
group of automorphisms of the D (E)c -D/D"-modulc algebra po{L)[p{R)]^lAIw} 
that leave /C(8)L^|ttJl fixed and are congruent to the identity modulo po{L)[p{R)]^lN{A)IwI. 
We denote the latter by \Jm.e{R\K){A). 

By lemma 4.2, there exists a finite ctalc extension K' of K, a matrix B S 
GLn{K') and a right R ®k if'-linear automorphism 7 of the £>- module algebra 
{R ®k R ®K K' , p ® Po® Po) defined by 

7(X 1 (8) 1) := (X 1 (g) 1)(1 (g) X-'^ 1)(1 010 5). 

There exists a finite etale extension L' of L containing K' and 7 induces a left K- 
linear and right i'-linear automorphism 7 of the I?- module algebra {R®kL' , P® Po) 
defined by 'y{X 1) := {X 1)(1 X'^B). The n-variate iterative derivation 9^ 
extends uniquely from L to L' (cf. [Mat89, Theorem 27.2] or [HeilO, Proposition 
1.2.2]) and we denote it again by 9u- The ring R 0fe L' is generated by j{R 0^, 
1) and 1 0fc i', which are linearly disjoint over k by lemma 1.20 (note that by 
proposition 3.6, the D-module algebra R is simple); we have an isomorphism of 
D-module algebras 

(4.8) R®kL' = 7(i? 0fe 1)[1 0fc L'] = 7(i? 0^ 1) 0^ L' , 

where the £)-module algebra structure on 7(i? 0^ 1) 0^ L' is p 0fc po ®k Po- The 
isomorphism (4.2) of D-module algebras extends L'-linearly to an isomorphism 

(4.9) R 0fe L' ^ p{R) ®k PoiL') po{L')[p{R)], 

where R®kL' carries the D-module algebra structure p®kPo and m is the restriction 
of the multiplication homomorphism oi po{L')[p{R)\. The image of 7(ii0fel) under 
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this isomorphism in po{L')[p{R)] is p{K)[Z,Z-^] with Z p{X)poiX)-^ poiB) 
and the image of 1 (Sik L' under it is po{L'). Thus, we obtain an isomorphism of 
D (8)c -D/£)n -module algebras 

(4.10) mkL' >^{mkl)®kL' ""^'^''°^^'") p{IC)[Z,Z-']^kPo{L') ^ PoiLlpm, 

P^PO p'Sipo'Sipo Pint ® Pint Pint 

where the isomorphism at the left is (4.8) and the D- and -module algebra 
structures are indicated in the two rows below the isomorphisms (^o denotes the 

trivial n-variate iterative derivation). For every commutative L'-algebra A, the 
isomorphism (4.10) gives rise to an isomorphism of D (E)c i'/zjn -module algebras 

(4.11) 

po (L) [p {R)]^lAIw} ^ po [L') [p {R)]®L'Alwl -^{R^k LO^l'^M -^{R^k ^)M , 

where on {R ^k A) IwJ the D-module algebra structure is given by p (8>fe po on the 
coefficients with respect to w (as in (1.3)) and the D/D^-module algebra structure 
is given by the n-variate iterative derivation 9^ (cf. 1.17). 

Given a. ipG \]me{R\K){A), we obtain by composition with the vertical isomor- 
phisms of D (8)c r>/£)n-module algebras, given by (4.11), in the diagram 

po{L)[p{R)]^LAlwj po{L)[p{R)]^lAIwI 



{R^kA)M — > iR^kA)lwl 

an automorphism of the D ®c £)/£)n-module algebra {R iE>k A)lw}, which is of 
the form cr where a is an automorphism of the D-module algebra R(E)k A oi 
constants of the iterative derivation 6^ on {R (g)^ A) {w} . Then a is an element of 
the kernel (4.5) and this yields an isomorphism of groups between \]me{R\K){A) 
and (4.5). □ 

Corollary 4.4. Under the assumptions of theorem 4-3 there exists a finite etale 
extension L' of L and an isomorphism 

Ume(L|if)(L'[£]/(e2)) ^ Lie(Gal(L|if)) ®k L' . 



Proof. This follows immediately from theorem 4.3 by taking A ~ L'[e]/(e^). □ 

In the case where D = Dgnd, the statement of corollary 4.4 is similar to the one 
of [Mor09, Theorem 3.3] and to [Ume]. Taking D = Dder, it provides a similar 

result as [Ume96, Theorem 5.15] in the case of finitely generated Picard-Vessiot 
extensions of differential fields in characteristic zero. 

Example 4.5. Let L\K be the extension of example 2.3 (resp. example 2.4). It is 
a Picard-Vessiot extension, in theorem 4-3 the extension L' can he chosen to he L 

and for every commutative L-algehra A, the element ip S \}'aie{L\K){A) given by 
if{p{y)®l) = p{y)^l + l®ao for some ao G N{A) (resp. if{p{y)®l) = p{y)(^{l+ai) 
for some ai G N{A)) corresponds under the isomorphism in theorem 4-3 to the 
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automorphism a G Gail{L\K){A) that fulfills a{y 1) ~ y >S) 1 + 1 >S> aQ (resp. 
cr{y(g)l) = y (1 + ai)j. 

Acknowledgements. I thank Hiroshi Umemura for helpful discussions on the 
topic of the article. 
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